We consider finite-size effects for the dyonic giant magnon of the type IIA string theory on AdS 4 × CP 3 by applying Lüscher µ-term formula which is derived from a recently proposed S-matrix for the N = 6 super Chern-Simons theory. We compute explicitly the effect for the case of a symmetric configuration where the two external bound states, each of A and B particles, have the same momentum p and spin J 2 . We compare this with the classical string theory result which we computed by reducing it to the Neumann-Rosochatius system. The two results match perfectly.
Introduction
on the finite-size effects of the AdS 4 /CFT 3 from the string/membrane side.
The formalism to derive the finite-size effect from the S-matrix is the Lüscher correction. This computes a shift in the energy due to the finite-size of spatial length from the Smatrix for all values of the 't Hooft coupling constant. This method has been successfully applied to the AdS/CFT duality in the N = 4 SYM theory [31, 32, 33, 34, 35] . Recently two groups computed the finite-size corrections to the dispersion relation of GMs [36] from the N = 6 CS theory side [37, 38] . They showed that the results are consistent with the classical string theory, which strongly supports the validity of the S-matrix proposed in [18] . Along this line of investigation, another interesting configuration is the classical string state with two angular momenta, usually called 'two spin' solutions. The authors have computed the finite-size effect for the dyonic giant magnon (DGM) [39] in the classical limit by the Neumann-Rosochatius method [40] . It is further extended recently to a single DGM solution [41] . It is important to check this since the DGM maintains the BPS saturated form of the dispersion relation even in the classical limit. Therefore, it can check the finite-size effect in a most intact form.
The purpose of this note is to compute the finite-size effect of the DGM from the Lüscher formula and compare it with the previous result [40] . In sect.2, we briefly review our derivation of the DGM in the SU(2) × SU(2) subspace of CP 3 with U(1) fibre dynamics and computation of the finite-size effect [40] . We generalize the Lüscher formula for multi-DGM particles in sect.3. We also derive the S-matrix elements between an elementary magnon and its bound state in sect.3 which will be used in the Lüscher formula. In the classical limit, we confirm that the Lüscher correction exactly matches with the classical string theory result.
We conclude the paper with some remarks in sect.4.
Classical string analysis
Let us consider a classical string moving in R t × CP 3 . Using the complex coordinates
we embed the string as follows [40] 
Here t is the AdS time. These complex coordinates should satisfy
NR Reduction
In order to reduce the string dynamics on R t × CP 3 to the NR integrable system, we use the ansatz [22, 23, 24] 
It can be shown [40] that after integration of the equations of motion for f a , which gives
one ends up with the following effective Lagrangian for the coordinates r a
This is the Lagrangian for the NR integrable system [24] . In addition, the CP 3 embedding conditions in (2.1) lead to
The Virasoro constraints give the conserved Hamiltonian H N R and a relation between the embedding parameters and the arbitrary constants C a :
For closed strings, r a and f a satisfy the following periodicity conditions 8) where n a are integer winding numbers.
The conserved charges can be defined by
where L is the Polyakov string Lagrangian taken in conformal gauge. Using the ansatz (2.2) and (2.3), we can find
In view of (2.5), one obtains [17] 
Dyonic Giant Magnon Solution
We are interested in finding string configurations corresponding to the following particular solution of (2.5)
The two frequencies ω 1 , ω 2 are independent and lead to strings moving in CP 3 with two angular momenta. The special case ω 2 = 0 corresponds to the solutions obtained in [17, 27] . From the NR Hamiltonian (2.6) one finds
We further restrict ourselves to C 2 = C 4 = 0 to search for GM string configurations. Eqs.
(2.5) and (2.7) give
In this case, the above equation for θ ′ can be rewritten in the form
where
The solution of (2.11) is given by
where dn (Cξ|m) is one of the elliptic functions.
To find the full string solution, we also need to obtain the explicit expressions for the functions f a from (2.3)
Using the solution (2.12) for θ(ξ), we can find
Here, Π is the elliptic integral of the third kind. As a consequence, the string solution can be written as
, (2.13)
The geometric meaning of the explicit solution (2.13) is as follows. Each pairs of complex coordinates, (W 1 , W 2 ) and (W 3 , W 4 ), describe a spiky solutions in S 2 sphere geometry but with dynamics at opposite points in the U(1) fiber. The two phases in (W 1 , W 2 ) are exactly opposite to those of (W 3 , W 4 ) which, together with the dynamics in U(1), ensures the vanishing of the total momentum. This behavior has been also noticed for strings in
The GM in infinite volume can be obtained by taking z − → 0. In this limit, the solution for θ reduces to
where the constant z + ≡ sin p/2 is given by
One spin solution corresponds ω 2 = 0. Inserting this into (2.9), one can find the energycharge dispersion relation. For the single DGM, the energy and angular momentum J 1 become infinite but their difference remains finite:
(2.14)
Finite-size Effects
Using the most general solutions (2.13), we can calculate the finite-size corrections to the energy-charge relation (2.14) in the limit when the string energy E s → ∞. Here we consider the case of α 2 > β 2 only since it corresponds to the GM case. We obtain from (2.9) the following expressions for the conserved string energy E s and the angular momenta J a
, (2.15)
As a result, the condition (2.10) is identically satisfied. Here, we introduced the notations
The computation of ∆ϕ 1 gives
In the above expressions, K(m), E(m) and Π(n|m) are the complete elliptic integrals.
Expanding the elliptic integrals, we obtain
This also gives a finite-size effect for ordinary GM [20] by taking J 2 → 0
3 Finite-size effects from the S-matrix
The N = 6 CS theory has two sets of excitations, namely A-particles and B-particles, each of which form a four-dimensional representation of SU(2|2) [16, 18] . We propose an S-matrix with the following structure:
where S is the matrix part determined by the SU(2|2) symmetry, and is essentially the same as that found for N = 4 YM in [42, 43] . An important difference arises in the dressing phases S 0 ,S 0 due to the fact that the A-and B-particles are related by complex conjugation.
Lüscher µ-term Formula
Here we want to generalize multi-particle Lüscher formula [34, 35] 
(−1)
Here, the energy dispersion relation for the DGM is given by
Here the coupling constant g = h(λ) is still unknown function of λ which behaves as h(λ) ∼ λ for small λ, and h(λ) ∼ λ/2 for large λ.
S-matrix elements for the Dyonic GM
The S-matrix elements for the DGM are in general complicated. However, we can consider a simplest case of the DGMs composed of only A-type φ 1 's which are the first bosonic particle in the fundamental representation of SU(2|2). It is obvious that these bound states do exist since the elementary S-matrix element S AA 11 11 does have a pole. The same holds for the B-type DGMs. However, the hybrid type DGMs are not possible because the S AB S-matrix does not have any bound-state pole.
The Lüscher correction needs only those S-matrix elements which have the same incoming and outgoing SU(2|2) quantum numbers after scattering with a virtual particle. In particular, we can easily compute the matrix elements between an elementary magnon and a the bound-state made of only φ 1 's (Q of them) denoted by 1 Q [33]
whereã b are given by [42, 43] 
As noticed in [33] , a 2 /a 1 and a 6 /a 1 are negligible O(1/g) corrections in the classical limit g >> 1. Therefore, the S-matrix with b = 1 is a most important factor for our computation which can be written as 5) where the BDS S-matrix is defined by
The spectral parameter X (Q) for the DGM is defined by
where we introduce θ defined by
(3.8)
The frame factors η andη are given by [43] η(
for the spin-chain frame and
for the string frame.
Symmetric DGM state
The classical two spins solution described in sect.2 is a symmetric DGM configuration for both of S 2 subspaces. Corresponding Lüscher formula is given by Eq.(3.1) with M A = M B = 1, which can be much simplified as
As mentioned earlier, only the two cases of b = 1, 2 contributes equally in the sum of Eq.(3.11) since these elements contain a 1 . Instead of the summation, we can multiply a factor 2 for the case of b = 1. In that case, we can compute easily each term using the S-matrix elements (3.4) and (3.5). Furthermore, we restrict ourselves for the case where the two DGMs are symmetric in both spheres, namely, p 1 = p 2 and Q =Q. This leads to Explicit computations of each factor in (3.12) are exactly the same as those in [33] . There are two types of poles of S BDS (y, X (Q) ). The s-channel pole which describe (Q + 1)-DGM arises at y − = X (Q) + while the t-channel pole for (Q − 1)-DGM (for Q ≥ 2) at y + = X (Q) + .
We consider the s-channel pole first. Using the location of the pole, we can find 
